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GROWTH OF TORSION GROUPS OF
ELLIPTIC CURVES UPON BASE CHANGE
ENRIQUE GONZÁLEZ–JIMÉNEZ AND FILIP NAJMAN
Abstract. We study how the torsion of elliptic curves over number fields grows upon base change,
and in particular prove various necessary conditions for torsion growth. For a number field F , we
show that for a large set of number fields L, whose Galois group of their normal closure over F has
certain properties, it will hold that E(L)tors = E(F )tors for all elliptic curves E defined over F .
Our methods turn out to be particularly useful in studying the possible torsion groups E(K)tors,
where K is a number field and E is a base change of an elliptic curve defined over Q. Suppose
that E is a base change of an elliptic curve over Q for the remainder of the abstract. We prove
that E(K)tors = E(Q)tors for all elliptic curves E defined over Q and all number fields K of degree
d, where d is not divisible by a prime ≤ 7. Using this fact, we determine all the possible torsion
groups E(K)tors over number fields K of prime degree p ≥ 7. We determine all the possible degrees
of [Q(P ) : Q], where P is a point of prime order p for all p such that p 6≡ 8 (mod 9) or
(
−D
p
)
= 1
for any D ∈ {1, 2, 7, 11, 19, 43, 67, 163}; this is true for a set of density 1535
1536
of all primes and in
particular for all p < 3167. Using this result, we determine all the possible prime orders of a point
P ∈ E(K)tors, where [K : Q] = d, for all d ≤ 3342296. Finally, we determine all the possible groups
E(K)tors, where K is a quartic number field and E is an elliptic curve defined over Q and show that
no quartic sporadic point on a modular curves X1(m,n) comes from an elliptic curve defined over
Q.
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1. Introduction
Let E/F be an elliptic curve defined over a number field F . The Mordell-Weil Theorem states
that the set E(F ) of F -rational points is a finitely generated abelian group. Denote by E(F )tors, the
torsion subgroup of E(F ). It is well known that the possible torsion groups are of the shape Cm×Cn
for two positive integers n,m, where m divides n and where Ck is a cyclic group of order k.
The purpose of this paper is to shed light on how the torsion group E(F )tors grows to E(L)tors,
where E is defined over a number field F and L is a field extension of F . We will mostly be interested
in the case where L is also a number field, although some of our results apply to infinite extensions
of F - for example in Corollary 7.6 we prove that the torsion of elliptic curves over Q does not grow
in Zp-extensions of Q for p ≥ 11. Our results give necessary conditions on the degrees and Galois
groups of extensions of number fields L/F depending on the growth from E(F )tors to E(L)tors. The
most general results of this type are proved Section 4, where L/F is an arbitrary extension of number
fields.
Naturally, we can obtain much more precise results if we specialize to the case of F = Q. We
will do this in Section 5. Suppose till the end of the introduction that E is always defined over Q.
For P ∈ E(Q) define Q(P ) to be the number field obtained by adjoining the coordinates of P to Q.
We study the problem of determining, for a given prime p, all the possible values of the degree of
[Q(P ) : Q], for all points P ∈ E(Q) of order p on all elliptic curves E/Q. This is done by studying
the lengths of orbits of E[p] under the action of the absolute Galois group Gal(Q/Q). Here we rely
heavily on the knowledge of the possible images GE(p) of mod p Galois representations attached to
elliptic curves over Q. While all the possibilities for GE(p) are not yet known in general, the state
of the knowledge is good enough for our results, stated in Theorem 5.6, to be unconditional for all
p such that p 6≡ 8 (mod 9) or
(
−D
p
)
= 1 for any D ∈ {1, 2, 7, 11, 19, 43, 67, 163}. The set of primes
satisfying these conditions has natural density 15351536 and the smallest prime that does not satisfy these
conditions is p = 3167. Should Serre’s uniformity conjecture 3.3 or its weaker version, Conjecture
3.5, be proved our results will hold true for all primes p.
An important problem in the theory of elliptic curves is to characterize the possible torsion groups
over a given number field, or over number fields of given degree. Before we state known results about
this problem, we introduce some notation. For a given positive integer d,
• Let Φ(d) be the set of possible isomorphism classes of groups E(K)tors, where K runs through
all number fields K of degree d and E runs through all elliptic curves over K.
• Let ΦQ(d) ⊆ Φ(d) be the set of possible isomorphism classes of groups E(K)tors, where K
runs through all number fields K of degree d and E runs through all elliptic curves defined
over Q.
• Let Φ∞(d) be the subset of isomorphism classes of groups Φ(d) that occur infinitely often.
More precisely, a torsion group G belongs to Φ∞(d) if there are infinitely many elliptic curves
E, non-isomorphic over Q, such that E(K)tors ≃ G.
• Let RQ(d) be the set of all primes p such that there exists a number field K of degree d, an
elliptic curve E/Q such that there exists a point of order p on E(K).
Mazur [28] determined Φ(1), while Kamienny, Kenku and Momose [24, 19] determined Φ(2). For
d ≥ 3, the set Φ(d) is, at the moment of the writing of the paper, not known. Merel [29] proved that
Φ(d) is finite for all positive integers d.
It is trivial to see that Φ(1) = Φ∞(1) and Φ(2) = Φ∞(2); this follows immediately from the fact
that all the modular curves that parameterize the groups from Φ(1) are of genus 0 and that the
modular curves that parameterize the groups from Φ(2) are of genus ≤ 2. The set Φ∞(d) has been
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determined for d = 3 by Jeon, Kim and Schweizer [16]; for d = 4 by Jeon, Kim and Park [17]; and
for d = 5 and 6, recently, by Derickx and Sutherland [10].
In [31] the second author determined ΦQ(2) and ΦQ(3). In this paper we determine ΦQ(p) for all
primes p ≥ 7 (see Corollary 7.3). Together with the paper [11] of the first author, which determines
ΦQ(5), this completes the determination of all possible torsion groups over prime degree number
fields of elliptic curves defined over Q.
This paper is, as far as we are aware, the first to study the set RQ(d). Lozano-Robledo [27]
determined the sets SQ(d) =
⋃
k≤dRQ(k) for d ≤ 42. Note that the knowledge of RQ(d) for all
d ≤ B obviously gives SQ(d) for all d ≤ B, for any bound B, but not vice versa. Hence RQ(d) can be
considered to be a somewhat "finer" invariant. In section 6 we determine RQ(d) for all d ≤ 3342296.
This is done by applying the results of Section 5.
In Section 7 we use the results of Section 5 to show, in Theorem 7.2, that E(K)tors = E(Q)tors
for all number fields K of degree d, where d is an integer whose smallest prime divisor is ≥ 11. In
particular this applies for all number fields of prime degree p, for p ≥ 11.
In [31] it was shown that ΦQ(3) 6⊆ Φ∞(3), which implies Φ(3) 6= Φ∞(3). Derickx and van Hoeij
[9] proved that Φ(n) 6= Φ∞(n) for 5 ≤ n ≤ 17. Thus, it is natural to ask whether Φ(4) = Φ∞(4)?
It was proved that Φ(3) 6= Φ∞(3) by showing ΦQ(3) 6⊆ Φ∞(3), thus is natural to try to determine
ΦQ(4), apart from it being interesting in its own right, for this purpose. This problem, of trying to
determine ΦQ(4), originally motivated this work. We solve this problem completely in Section 8 and
obtain that ΦQ(4) ⊂ Φ∞(4).
Some of the proofs in the paper rely on extensive computations in Magma [5]. This primarily applies
to computations in fixed finite groups. Where it is obvious that we are doing a computation in a
fixed finite group, we will do it often without mention. All of the programs and calculation used for
the proofs can be found at the research website of the first author.
2. Notation and auxiliary results
In this section we fix notation throughout the paper. If E is an elliptic curve, then jE will denote
its j-invariant. We will say that E has CM or is a CM elliptic curve if it has complex multiplication.
If it does not have complex multiplication, we say that the curve is non-CM.
There exists an F -rational cyclic isogeny φ : E → E′ of degree n if and only if ker φ is a Gal(F/F )-
invariant cyclic group of order n; in this case we say that E/F has an n-isogeny.
In this section we will list, for the sake of the reader, some known results that we will be using
throughout the paper.
The possible degrees of n-isogenies of elliptic curves over Q are known by the following theorem.
Theorem 2.1 (Mazur [30] and Kenku [20, 21, 22, 23]). Let E/Q be an elliptic curve with an n-
isogeny over Q. Then
(1) n ∈ {1, . . . 19, 21, 25, 27, 37, 43, 67, 163}.
There are infinitely many elliptic curves (up to Q-isomorphism) with an n-isogeny over Q for n ∈
{1, . . . , 10, 12, 13, 16, 18, 25} and only finitely many for all the other n listed in (1).
Furthermore, if n ∈ {14, 19, 27, 43, 67, 163} and E has an n-isogeny over Q, then E has CM.
Mazur [28] determined Φ(1):
Φ(1) = {Cn : n = 1, . . . , 10, 12} ∪ {C2 × C2n|n = 1, . . . , 4} .
Kamienny [19] and Kenku and Momose [24] determined Φ(2):
Φ(2) = {Cn : n = 1, . . . , 16, 18} ∪ {C2 × C2n|n = 1, . . . , 6} ∪ {C3 × C3n|n = 1, 2} ∪ {C4 × C4} .
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The second author [31] determined ΦQ(2) :
ΦQ(2) = {Cn : n = 1, . . . , 10, 12, 15, 16} ∪ {C2 × C2n : n = 1, . . . , 6} .
3. Images of mod n Galois representations
When studying the growth of torsion groups upon extensions, one is naturally led to the study
of mod n Galois representations attached to elliptic curves. Let E/K be an elliptic curve over a
number field K and n a positive integer. We denote by E[n] the n-torsion subgroup of E(K), where
K is a fixed algebraic closure of K. That is, E[n] = {P ∈ E(K) | [n]P = O}, where O denotes the
identity of the group E(K). The field K(E[n]) is the number field obtained by adjoining all the x
and y-coordinates of the points of E[n], or, equivalently, the smallest field over which all of E[n] is
defined. The absolute Galois group Gal(K/K) acts on E[n] by its action on the coordinates of the
points, inducing a mod n Galois representation attached to E
ρE,n : Gal(K/K) −→ Aut(E[n]).
Notice that since E[n] is a free Z/nZ-module of rank 2, fixing a basis {P,Q} of E[n], we identify
Aut(E[n]) with GL2(Z/nZ). Then we rewrite the above Galois representation as
ρE,n : Gal(K/K) −→ GL2(Z/nZ).
Therefore we can view ρE,n(Gal(K/K)) as a subgroup of GL2(Z/nZ), determined uniquely up to
conjugacy in GL2(Z/nZ), and denoted by GE(n) from now on; it will always be clear what the field
K is. In certain instances we will say that GE(n) = G for some group G; this will always mean that
we have fixed a basis so that we remove ambiguity of working up to conjugacy.
Since K(E[n]) = {x, y | (x, y) ∈ E[n]} is Galois over K and since ker ρE,n = Gal(K/K(E[n])), we
deduce that GE(n) ≃ Gal(K(E[n])/K). Let R = (x(R), y(R)) ∈ E[n] and K(R) = K(x(R), y(R)) ⊆
K(E[n]). Then by Galois theory there exists a subgroup HR of Gal(K(E[n])/K) such that K(R) =
K(E[n])HR . In particular, if we denote by HR the image of HR in GL2(Z/nZ), we have:
• [K(R) : K] = [GE(n) : HR],
• Gal(K̂(R)/K) ≃ GE(n)/NGE(n)(HR), where K̂(R) denotes the Galois closure of K(R) over
K, and NGE(n)(HR) denotes the normal core of HR in GE(n).
We will use the following obvious lemma, sometimes without mention.
Lemma 3.1. Let E/K be an elliptic curve, n a positive integer and R ∈ E[n]. Then [K(R) : K]
divides |GE(n)|. In particular [K(R) : K] divides |GL2(Z/nZ)|.
In practice, given the conjugacy class of GE(n) in GL2(Z/nZ), we can deduce the relevant arith-
metic properties of the fields of definition of the n-torsion points: since E[n] is a free Z/nZ-module
of rank 2, we can identify the n-torsion points with (a, b) ∈ (Z/nZ)2 (i.e. if R ∈ E[n] and {P,Q} is
a Z/nZ-basis of E[n], then there exist a, b ∈ Z/nZ such that R = aP + bQ). Therefore HR is the
stabilizer of (a, b) by the action of GE(n) on (Z/nZ)2.
Let p be an odd prime and ǫ = −1 if p ≡ 3 (mod 4) and otherwise let ǫ ≥ 2 be the smallest integer
such that
(
ǫ
p
)
= −1.
Define the following matrices in GL2(Fp), for some a, b ∈ Fp:
D(a, b) =
(
a 0
0 b
)
, Mǫ(a, b) =
(
a bǫ
b a
)
, T =
(
0 1
1 0
)
and J =
(
1 0
0 −1
)
.
We define the following subgroups of GL2(Fp):
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Cs(p) =
{
D(a, b) : a, b ∈ F×p
}
,
C+s (p) =
{
D(a, b), T ·D(a, b) : a, b ∈ F×p
}
,
Cns(p) =
{
Mǫ(a, b) : (a, b) ∈ F2p, (a, b) 6= (0, 0)
}
,
C+ns(p) =
{
Mǫ(a, b), J ·Mǫ(a, b) : (a, b) ∈ F2p, (a, b) 6= (0, 0)
}
.
The group Cs(p) is called the split Cartan subgroup and Cns(p) is called the non-split Cartan subgroup.
Note that C+s (p) (resp. C
+
ns(p)) is the normalizer of Cs(p) (resp. Cns(p)) in GL2(Fp). The orders of
the groups Cs(p), C
+
s (p), Cns(p) and C
+
ns(p) are (p−1)2, 2(p−1)2, p2−1 and 2(p2−1), respectively.
Notation. Conjugacy classes of subgroups of GL2(Fp), for fixed small values of p, will be in this
paper identified by labels introduced by Sutherland [35, §6.4] and used in the LMFDB database [26].
We should note that Zywina [36] uses different notation for such conjugacy classes of subgroups of
GL2(Fp). To aid the reader, in Tables 1 and 2 we list both Sutherland’s and Zywina’s names for
each of the groups.
We turn our attention to what is known on the possible images of mod p Galois representations
attached to elliptic curves defined over Q, where p is a prime. Determining all the possibilities of the
images GE(p) ⊆ GL2(Fp) for elliptic curves defined over Q is an important (and still open) problem
in the theory of elliptic curves. The following theorem, due to Mazur, Serre, Bilu, Parent, Rebolledo,
Zywina, Balakrishnan, Dogra, Müller, Tuitman and Vonk (see [2, 3, 4, 33, 36] for more details) gives
the current state of the knowledge for non-CM elliptic curves.
Theorem 3.2. Let E/Q be a non-CM elliptic curve and p a prime. Then one the following possi-
bilities occurs:
(i) GE(p) = GL2(Fp).
(ii) p ∈ {2, 3, 5, 7, 11, 13, 17, 37}, and GE(p) is conjugate in GL2(Fp) to one of the groups in
Tables 1 and 2.
(iii) p ≥ 17:
(a) p ≡ 1 (mod 3), and GE(p) is conjugate in GL2(Fp) to C+ns(p).
(b) p ≡ 2 (mod 3), and GE(p) is conjugate in GL2(Fp) to C+ns(p) or to the subgroup
G0(p) :=
{
Mǫ(a, b)
3, J ·Mǫ(a, b)3 : (a, b) ∈ F2p, (a, b) 6= (0, 0)
} ⊆ C+ns(p).
The complete and unconditional description of possible images GE(p) for p ≤ 11 appearing in
Theorem 3.2, which are compiled in Tables 1 and 2 in the Appendix, is due to Zywina [36] (see also
Sutherland’s paper [35]).
Before going any further we mention an important open conjecture, motivated by a question by
Serre [34] (see also [36, Conjecture 1.12.]), which conjecturally characterizes the possible images of
Galois representations attached to non-CM elliptic curves.
Conjecture 3.3. If E is a non-CM elliptic curve defined over Q, p ≥ 17 a prime and (p, jE) not in
the set
(2)
{
(17,−17 · 3733/217), (17,−172 · 1013/2), (37,−7 · 113), (37,−7 · 1373 · 20833} ,
then GE(p) = GL2(Fp).
Remark 3.4. If Conjecture 3.3 is true, the case (iii) does not occur. All of the other case are known
to occur.
Some of our results will be best possible under the following Conjecture, which is a weaker version
of 3.3.
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Conjecture 3.5. If E is a non-CM elliptic curve defined over Q, p ≥ 17 a prime and (p, jE) not in
the set
(3)
{
(17,−17 · 3733/217), (17,−172 · 1013/2), (37,−7 · 113), (37,−7 · 1373 · 20833} ,
then GE(p) = GL2(Fp) or C+ns(p).
The difference between Conjectures 3.3 and 3.5 is that in the latter we allow that GE(p) = C
+
ns(p).
For our purposes, there is no difference between C+ns(p) and GL2(Fp), as both act transitively on the
nonzero elements of F2p.
If E/Q is a CM elliptic curve and p a prime, the theory of complex multiplication gives us a lot
of information about GE(p). In the CM case, the possibilities for GE(p) are completely understood.
We list the possibilities for GE(p) (in the form stated in [36, §1.9]):
Theorem 3.6. Let E/Q be a CM elliptic curve and p a prime. The ring of endomorphisms of EQ is
an order of conductor f in the ring of integers of an imaginary quadratic field of discriminant −D.
(i) If p = 2 then GE(2) = GL2(F2) or is conjugate in GL2(F2) to 2B or 2Cs.
(ii) If p > 2 and (D, f) 6= (3, 1):
(a) If
(
−D
p
)
= 1, then GE(p) is conjugate in GL2(Fp) to C+s (p).
(b) If
(
−D
p
)
= −1, then GE(p) is conjugate in GL2(Fp) to C+ns(p).
(c) Suppose that p divides D and hence D = p. Then GE(p) is conjugate in GL2(Fp) to one
of the following subgroups
G00(p) :=
{(
a b
0 ±a
)
: a ∈ F×p , b ∈ Fp
}
,
G10(p) :=
{(
a b
0 ±a
)
: a ∈ (F×p )2, b ∈ Fp
}
, or G01(p) :=
{(
±a b
0 a
)
: a ∈ (F×p )2, b ∈ Fp
}
.
(iii) If p > 2 and (D, f) = (3, 1):
(a) If p ≡ 1 (mod 9), then GE(p) is conjugate in GL2(Fp) to C+s (p) .
(b) If p ≡ 8 (mod 9), then GE(p) is conjugate in GL2(Fp) to C+ns(p) .
(c) If p ≡ 4 or 7 (mod 9), then GE(p) is conjugate in GL2(Fp) to C+s (p) or to the subgroup
G3(p) :=
{
D(a, ab3), T ·D(a, ab3) : a, b ∈ F×p
} ⊆ C+s (p).
(d) If p ≡ 2 or 5 (mod 9), then GE(p) is conjugate in GL2(Fp) to C+ns(p) or to the subgroup
G0(p) of C
+
ns(p).
(e) If p = 3, then GE(3) is conjugate in GL2(F3) to 3Cs.1.1, 3Cs, 3B.1.1, 3B.1.2 or 3B.
All the cases occur.
4. Growth of torsion in extensions
In this section we prove general results, without any constraints on the base field over which the
elliptic curve is defined, concerning the growth of the torsion of elliptic curves upon base change. We
believe the results are primarily interesting in their own right, but they will also be useful in Section
8.
Our first result gives restrictions on the growth of the p-torsion, in terms of the Galois group of
the extension.
Theorem 4.1. Let L/F be a finite extension of number fields, L̂ the normal closure of L over F ,
G = Gal(L̂/F ), and suppose that H = Gal(L̂/L) is a non-normal maximal subgroup of G. Let p be
GROWTH OF TORSION GROUPS OF ELLIPTIC CURVES 7
a prime, a = [F (ζp) : F ], and suppose G does not contain a cyclic quotient group of order a. Then
for every elliptic curve E/F , it holds that E(L)[p] = E(F )[p].
Proof. Suppose that P ∈ E(L), P /∈ E(F ) is a point of order p. Then, as H is not normal in G
there exists a σ ∈ G such that σ(L) 6= L. It follows that P σ ∈ (E(L))σ = E(σ(L)). Note that as H
is not contained in any proper subgroup of G, it follows that L has no proper subfield containing F ,
so L ∩ Lσ = F . As P and P σ are defined over different fields, it follows that they are independent,
i.e. 〈P,P σ〉 = E[p]. Obviously, P,P σ ∈ E(L̂), so E(L̂)[p] ≃ Cp × Cp. But this is impossible, since L̂
does not contain ζp, because F (ζp) would be a cyclic extension of F of degree a, contradicting our
assumptions.

By specializing the above theorem, we immediately obtain the following corollary.
Corollary 4.2. Let E/Q be an elliptic curve and L be a number field with Galois closure L̂ over Q
and with G := Gal(L̂/Q). Suppose there are no intermediate fields L ⊇M ⊇ Q. Then:
(i) If G is a simple group, and p ≥ 3 be a prime, then E(L)[p] = E(Q)[p].
(ii) If G ≃ An for n ≥ 4, and p ≥ 3 be a prime, then E(L)[p] = E(Q)[p].
(iii) If G ≃ Sn for n ≥ 4, and p ≥ 5 be a prime, then E(L)[p] = E(Q)[p].
Proof. Statement (i) obviously follows from Theorem 4.1, and statement (ii) follows from the fact
that An is simple for n ≥ 5. It is easy to check that the conditions of Theorem 4.1 are satisfied for
A4.
Statement (iii) follows for n ≥ 5, from the fact that only proper normal subgroup of Sn is An. For
n = 4, it is again easy to check that there are no cyclic quotients of order ≥ 4 of S4. 
We give another result that is useful for proving that over an extension with a certain Galois group
there cannot be torsion growth of certain type.
Theorem 4.3. Let E/F be an elliptic curve, L/F be a finite extension of number fields with no
intermediate fields, and let G = Gal(L̂/F ), where L̂ is the normal closure of L over F . If G is not
isomorphic to a quotient of Gal(F (E[p])/F ), then E(L)[p] = E(F )[p].
Proof. Suppose the opposite, that E(F )[p] ( E(L)[p]. It follows, since L ⊇ F has no intermediate
fields, that L ⊆ F (E[p]). Since F (E[p]) is a Galois extension of F , it follows that L̂ ⊆ F (E[p]),
since L̂ is contained in any Galois extension of F which contains L. It follows that G is a quotient
of Gal(F (E[p])/F ). 
Remark 4.4. If Gal(F (E[p])/F ) is a priori unknown, one can still use the fact that Gal(F (E[p])/F ) is
always a subgroup of GL2(Fp). Then, in the setting as above, if G is not a quotient of any subgroup
of GL2(Fp), then E(L)[p] = E(F )[p].
The previous two theorems give constraints on the growth of E[p]. One is naturally led to consider
whether there can be any pn+1 torsion over an extension L of F if E(F )[p] 6= {O}. The following
result will be useful.
Theorem 4.5. Let L/F be a finite extension of number fields, G = Gal(L̂/F ), where L̂ is the normal
closure of L over F , n be a positive integer and let p be a prime co-prime to [L : F ]. Suppose that
G is not isomorphic to a quotient of any subgroup of GL2(Z/pnZ) and that Gal(L̂/L) is maximal in
G. Let E/F be an elliptic curve such that it has a F -rational point of order pn, but no F -rational
points of order pn+1. Then E(L) has no points of order pn+1.
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Proof. Suppose that there exist a point P of order pn+1 in E(L). Since Gal(L̂/L) is maximal in G,
it follows that L ⊇ F has no intermediate fields, so L is the field of definition of P , i.e. L = F (P ).
If L ⊆ F (E[pn]) was true, thenGal(F (E[pn])/L) would be a quotient ofGE(pn) ≃ Gal(F (E[pn])/F ),
which is in turn a subgroup of GL2(Z/pnZ), contradicting our assumptions. We conclude that
L * F (E[pn]).
Note that since GE(p
n+1) is a subgroup of the inverse image of reduction mod pn to GE(p
n), it
follows that [F (E[pn+1]) : F (E[pn])] divides p4. Since P ∈ F (E[pn+1]) and P /∈ F (E[pn]), it follows
that F (E[pn]) ( F (E[pn+1]) We conclude that [F (E[pn+1]) : F (E[pn])] = pk, where k = 1, 2, 3 or 4.
Now since both L = F (P ) and F (E[pn]) are contained in F (E[pn+1]), it follows that
F (E[pn]) ⊆ LF (E[pn]) ⊆ F (E[pn+1]).
Since L * F (E[pn]), we conclude that [LF (E[pn]) : F (E[pn])] divides [F (E[pn+1]) : F (E[pn])] and
is hence equal to ps where s = 1, 2, 3 or 4. But since [L : F ] is coprime to [F (E[pn]) : F ], we have
[LF (E[pn]) : F (E[pn])][F (E[pn]) : F ] = [LF (E[pn]) : F ] = [L : F ][F (E[pn]) : F ],
so [L : F ] = [LF (E[pn]) : F (E[pn])], which obviously cannot be true since the left and right hand
side are coprime and > 1. 
Proposition 4.6. Let E/F be an elliptic curve over a number field F , n a positive integer, P ∈ E(F )
be a point of order pn+1. Then [F (P ) : F (pP )] divides p2 or (p − 1)p.
Proof. Let G = Gal(F (E[pn+1])/F (pP )), and H = Gal(F (E[pn+1])/F (P )). By Galois theory, it
follows that [F (P ) : F (pP )] = [G : H]. To remove the ambiguity of having everything up to
conjugacy in GL2(Z/pn+1Z), let {P,Q} be a basis of E[pn+1] for some Q ∈ E[pn+1], let GE(pn+1)
be induced by the action of Gal(F/F ) on this basis {P,Q} and consider G and H to be subgroups
of GE(p
n+1). Then in particular, G is a subgroup of
(4) G′ :=
{(
a b
c d
)
∈ GL2(Z/pn+1Z) : a− 1 ≡ c ≡ 0 (mod pn)
}
.
Moreover, |G| divides p2 · pn(pn − pn−1) = p2n+1(p− 1). Now let
Γ =
{(
1 x
0 y
)
∈ GL2(Z/pn+1Z)
}
;
it follows that H is isomorphic to Γ ∩ G. Let B be the kernel of reduction of GL2(Z/pn+1Z) mod
pn. We have |B| = p4. Now we have that the kernel of reduction mod pn restricted to G (resp. H)
is B ∩ G (resp. B ∩H). Since B ∩H and B ∩ G are subgroups of B, it follows that their order is
a power of p. We see that H (mod pn) is a subgroup of G (mod pn) of index d (where d divides |G
(mod pn)|), so
|G (mod pn)| = d · |H (mod pn)| where d|(p − 1)p2n−1.
So
|G|/|B ∩G| = |G (mod pn)| = d · |H (mod pn)| = d · |H|/|B ∩H|,
and
|G|/|H| = d · |B ∩G|/|B ∩H|.
The right hand side of the equations can be divisible only by powers of p and by divisors of p − 1.
From the definitions of G and H, it follows that [G : H] ≤ p2, proving the proposition. 
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Remark 4.7. The results of Proposition 4.6 are best possible, in the sense that there exist both E/Q
and P ∈ E(Q) such that [Q(P ) : Q(pP )] = p2 and [Q(P ) : Q(pP )] = p(p − 1). The first case is
"generic" and happens for any point of p-power order for any elliptic curve such that the p-adic
representation attached to E is surjective.
The case when [Q(P ) : Q(pP )] = p(p − 1) occurs for example when GE(p2) is the reduction of
Γ0(p
2) ∪ Γ1(p) mod p2. Then E(Q) contains a point Q of order p, and some of the solutions of
pP = Q are defined over a degree p(p−1) extension (and some over a degree p extension). One does
not have to look far for an explicit example of such an elliptic curve - the elliptic curve 11a3 in the
LMFDB [26] is such a curve for p = 5.
Proposition 4.8. Let E/F be an elliptic curve over a number field F , n a positive integer, P ∈ E(F )
be a point of order 2n+1 and let F̂ (P ) be the Galois closure of F (P ) over F (2P ). Then [F (P ) : F (2P )]
divides 4 and Gal(F̂ (P )/F (2P )) is either trivial, isomorphic to C2, C2 × C2 or D4.
Proof. Let G = Gal(F (E[2n+1])/F (2P )) and H = Gal(F (E[2n+1])/F (P )). Then by Galois theory,
N = Gal(F (E[2n+1])/F̂ (P )) is the normal core of H in G (i.e. the intersection of all conjugates of
H by elements of G) and
Gal(F̂ (P )/F (2P )) ≃ G/N.
To remove the ambiguity of having everything up to conjugacy in GL2(Fp), let {P,Q} be a basis of
E[2n+1] for some Q ∈ E[2n+1], let GE(2n+1) induced by the action of Gal(F/F ) on the basis {P,Q}
and consider G and H to be subgroups of GE(2
n+1). We have that G is a subgroup of the group
(5) G′ =
{(
a b
c d
)
∈ GL2(Z/2n+1Z) : a− 1 ≡ c ≡ 0 (mod 2n)
}
.
Define
Γ =
{(
1 x
0 y
)
∈ GL2(Z/2n+1Z)
}
.
Then H is isomorphic to G ∩ Γ. We see that H is a subgroup of G whose index divides 4, so we
obtain that [F (P ) : F (2P )] divides 4.
If F (P ) = F (2P ), then obviously F̂ (P ) = F (P ) = F (2P ), and the statement of the proposition
is true.
If [F (P ) : F (2P )] = 2, then obviously F (P ) is Galois over F (2P ) and Gal(F̂ (P )/F (2P )) ≃ C2.
If [F (P ) : F (2P )] = 4, then it follows that
G/H =
{
H,
(
1 0
2n 1
)
H,
(
1 + 2n 0
2n 1
)
H,
(
1 0
2n 1
)
H
}
.
As N is the intersection of the elements of G/H, by direct calculation we obtain that
N = H ∩
{(
a b
c d
)
∈ GL2(Z/2n+1Z) : a− 1 ≡ c ≡ 0 (mod 2n+1), b ≡ 0 (mod 2)
}
.
There are now 2 possibilities: either N = H or [H : N ] = 2. If N = H, then hence F (P ) is
Galois over F (2P ), and we obtain that G/N ≃ C2 × C2. On the other hand, if [H : N ] = 2, then
G/N ≃ D4. 
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5. Degree of the field of definition of p-torsion points on elliptic curves over Q
In this section, for any prime p we determine all the possible degrees [Q(P ) : Q] for P a point of
order p on an elliptic curve E/Q.
Let E/Q be an elliptic curve and p a prime. Then GE(p) ⊆ GL2(Fp) acts on E[p] ≃ F2p. The
set F2p can be written as the disjoint union of the orbits of F
2
p by GE(p), and by the Orbit-Stabilizer
Theorem we obtain
(6) #F2p = p
2 =
k∑
i=1
[Q(Ri) : Q] =
k∑
i=1
|GE(p).(ai, bi)|, where Ri = aiP + biQ,
(a1, b1), . . . , (ak, bk) are representatives of the orbits of F2p by GE(p), and GE(p).v denotes the orbit
of v ∈ F2p by the action of GE(p).
In order to determine all the possible degrees of the fields of definition of the p-torsion points of
E, by equation (6), we only need to know GE(p) ⊆ GL2(Fp) and the cardinality of the orbits of F2p
by GE(p).
If we want to determine all the possible degrees of the extensions Q(P ) over Q for points P ∈ E(Q)
of order p for any elliptic curve E/Q we must, for all possible GE(p) and all v ∈ F2p, v 6= (0, 0),
determine the index [GE(p) : GE(p)v] (where GE(p)v is the stabilizer of v by the action of GE(p) on
F2p), or equivalently |GE(p).v|. Thanks to Theorems 3.2 and 3.6 we know a set that contains all the
possibilities for GE(p) for any elliptic curve E/Q and any prime p. It will turn out that this set is
close enough to the truth for us to get a complete unconditional list of all possible degrees [Q(P ) : Q]
for a large set of primes p.
Lemma 5.1. [27, Theorem 5.1] Let E/K be an elliptic curve over a number field and p a prime
such that GE(p) = GL2(Fp). Then for a point P of order p, we have [Q(P ) : Q] = p2 − 1.
Lemma 5.2. Let E/K be an elliptic curve over a number field and p a prime such that GE(p) =
C+ns(p). Then for a point P of order p, we have [Q(P ) : Q] = p
2 − 1.
Proof. In [27, Lemma 7.5 (2)] it is claimed that [Q(P ) : Q] = p2 − 1 or 2(p2 − 1). But the case
[Q(P ) : Q] = 2(p2 − 1) is not possible since it is impossible that [Q(P ) : Q] > (p2 − 1), for any
P ∈ E[p] and any GE(p): This follows from the fact that |GE(p).v| can be at most p2−1. The claim
of the Lemma follows. 
Lemma 5.3. [27, Lemma 7.5. (1)] Let E/K be an elliptic curve over a number field and p a prime
such that GE(p) is a conjugate of C
+
s (p) in GL2(Fp). Then for a point P of order p, we have
[Q(P ) : Q] is either (p− 1)2 or 2(p − 1); both cases occur.
We will need a slightly finer description of the possibilities for GE(13) than the one supplied in
Theorem 3.2.
Proposition 5.4. Let E/Q be a non-CM elliptic curve. Then GE(13) is conjugate in GL2(F13) to
one of the groups in Table 2, to C+s (13), C
+
ns(13) or one of the following groups:
(7) 13Ns.2.1, 13Ns.5.2, 13Ns.5.1.4
Proof. First recall that every group in Table 2 occurs. By Theorem 3.2 (iii), the remaining possi-
bilities are that GE(13) is a subgroup of C
+
s (13), C
+
ns(13) or 13S4. We say that G is an applicable
subgroup of GL2(F13) if −I ∈ G, det(G) = F×13 and G contains an element with trace 0 and deter-
minant −1. Thanks to [36, Proposition 2.2] we have that if GE(13) 6= GL2(F13) then ±GE(13) is an
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applicable subgroup of GL2(F13). Using Magma we determine that GE(13) is conjugate in GL2(F13)
to C+s (13), C
+
ns(13), 13S4 or one of the following groups:
13Cs, 13Cs.1.1, 13Cs.1.11, 13Cs.1.3, 13Cs.1.4, 13Cs.1.6, 13Cs.1.8, 13Cs.12.1, 13Cs.12.3,
13Cs.12.4, 13Cs.3.1, 13Cs.3.4, 13Cs.4.1, 13Cs.5.1, 13Cs.5.4, 13Ns.2.1, 13Ns.5.1.4, 13Ns.5.2.
Now, it is not possible that GE(13) is conjugate to 13Cs or 13Cs.a.b, for any integers a, b, since
then E would have two independent 13-isogenies over Q. Therefore, E would be 13-isogenous over
Q to an elliptic curve with a 169-isogeny, whose existence contradicts with Theorem 2.1. 
Lemma 5.5. Let E/Q be a elliptic curve and P a point of order 13 in E. Then
[Q(P ) : Q] ∈ {3, 4, 6, 12, 24, 39, 48, 52, 72, 78, 96, 144, 156, 168}.
All the possible degrees occur.
Proof. The fact that all of the degrees above appear can be seen from Table 2 and from the degrees
of [Q(P ) : Q] obtained from CM elliptic curves. The fact that no other degrees occur follows from
Proposition 5.4 and from computing the lengths of orbits of all the possible images GE(p). 
The next result gives the possible degrees [Q(P ) : Q] where P is a point of order a prime p 6= 13
on E such that GE(p) does not appear in Tables 1 and 2.
Theorem 5.6. For an elliptic curve E/Q with a given GE(p) in the left column, and varying through
all P ∈ E[p], the values of [Q(P ) : Q] obtained will be exactly does that appear in the right column.
GE(p) [Q(P ) : Q]
GL2(Fp) p2 − 1
C+ns(p) p
2 − 1
C+s (p) 2(p − 1), (p − 1)2
GE(p) [Q(P ) : Q]
G00(p) p− 1, (p − 1)p
G01(p) p− 1, (p − 1)p/2
G10(p) (p − 1)/2, (p − 1)p
p ∈ {3, 7, 11, 19, 43, 67, 163}
GE(p) [Q(P ) : Q]
G3(p)
p ≡ 1 (mod 3) 2(p − 1), (p − 1)
2/3, 2(p − 1)2/3
G0(p)
p ≡ 2 (mod 3) (p
2 − 1)/3, 2(p2 − 1)/3
Remark 5.7. The groups G00(p), G01(p), G10(p), G
3(p) and G0(p) are as defined in Theorems 3.2
and 3.6.
Proof. The first table follows from Lemmas 5.1, 5.2 and 5.3. The second table follows from a direct
computation, as one has to consider only a small number of finite group actions.
Now let GE(p) = G
3(p). Then it is enough to consider the lengths orbits of the generators of the
p+ 1 subgroups of F2p. Equivalently, it is enough to know the size of the stabilizers of each of these
elements. The stabilizer of (1, 0) is by [27, Lemma 6.6 (1)] the subgroup of G3(p) given by
H(1,0) =
{
D(1, b) : b ∈ F×p
}
.
Obviously, the stabilizer is of size (p− 1)/3, hence the size of the orbit of (1, 0) is |G3(p)|(p−1)/3 = 2(p− 1).
Using [27, Lemma 6.6] and the same argumentation, we conclude that the length of the orbit of
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(0, 1) is also 2(p− 1). The stabilizer of any element of the form (1, x) for x ∈ F×p in C+s (p) is by [27,
Lemma 6.6 (3)]
H(1,x) =
{
D(1, 1),D(x, x−1)
}
.
Thus the stabilizer of (1, x) in G3(p) is H ∩G3(p); this set obviously contains either 1 or 2 elements.
It contains 2 elements, by the definition of G3(p), if and only if x2 is a cube in F×p . Obviously there
exist both x’s that satisfy this condition (take for example x to be a cube itself) and x that do not.
Hence there exist vectors (1, x) which are in an orbit of length (p−1)
2
3 and those that are in an orbit
of length 2(p−1)
2
3 . In this case F
2
p decomposes into orbits of lengths 1,
(p−1)2
3 ,
2(p−1)2
3 .
Now consider the case GE(p) = G0(p). It follows from [27, Lemma 7.4], that the stabilizer of
each element is of order 1 or 2. If there exists an element whose stabilizer is of order 1, then F2p
decomposes into orbits of length 1, p
2−1
3 ,
2(p2−1)
3 , and if there does not exist such an element, then
F2p decomposes in orbits of length 1,
p2−1
3 ,
p2−1
3 ,
p2−1
3 under the action of GE(p).
By [27, Lemma 7.4], the elements of C+ns(p) that fix any non-trivial vector (or equivalently have
an eigenvalue 1) are the identity and the matrices J ·Mǫ(a, b) such that a2− ǫb2 = 1, or equivalently
those such that det J ·Mǫ(a, b) = −1. It is easy to see that there are p+ 1 such matrices in C+ns(p),
each fixing each element in a different subgroup of (Fp)2.
We now study the number of such elements in G0(p). Clearly, none of them are of the form
Mǫ(a, b)
3, so all of them must be of the form J ·Mǫ(a, b)3.
Now, J ·Mǫ(a, b)3 has determinant −1 if and only if Mǫ(a, b)3 has determinant 1. Since 1 is the
only third root of unity in Fp, it follows that det(Mǫ(a, b)3) = 1 if and only if detMǫ(a, b) = 1. The
subgroup M of Cns(p) of matrices Mǫ(a, b) of determinant 1 is the kernel of the determinant map
det : Cns(p)→ F×p , which is surjective. Hence, by the first isomorphism theorem, #M = p+ 1. As
#M is divisible by 3, it follows that M3 = {Mǫ(a, b)3 : (a, b) ∈ (Fp)2, (a, b) 6= (0, 0)} has cardinality
p+1
3 , as claimed.
Hence there are p+13 non-identity matrices that each fix every element in exactly one subgroup of
(Fp)2 of order p. As there are p+1 subgroups of (Fp)2 of order p, it follows that there will be
2(p+1)
3
subgroups such that each of their non-trivial elements has trivial stabilizer, proving the claim. 
We now state the main result of this secion:
Theorem 5.8. Let E/Q be an elliptic curve, p a prime and P a point of order p in E. Then all
of the cases in the table below occur for p ≤ 13 or p = 37, and they are the only ones possible. The
degrees in the table below with an asterisk occur only when E has CM.
p [Q(P ) : Q]
2 1, 2, 3
3 1, 2, 3, 4, 6, 8
5 1, 2, 4, 5, 8, 10, 16, 20, 24
7 1, 2, 3, 6, 7, 9, 12, 14, 18, 21, 24∗ , 36, 42, 48
11 5, 10, 20∗, 40∗, 55, 80∗, 100∗, 110, 120
13 3, 4, 6, 12, 24∗, 39, 48∗, 52, 72, 78, 96, 144∗, 156, 168
37 12, 36, 72∗, 444, 1296∗, 1332, 1368
For all other p, the possibilities for [Q(P ) : Q] are as is given below. The degrees in equations (10)
- (12) occur only for CM elliptic curves E/Q. Furthermore the degrees in equations (12) occur only
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for elliptic curves with j-invariant 0. If Conjecture 3.5 is true, then the degrees in equations (13)
also occur only for elliptic curves with j-invariant 0.
p2 − 1 for all p,(8)
8, 16, 32∗, 136, 256∗ , 272, 288 for p = 17(9)
(p− 1)/2, p− 1, p(p− 1)/2, p(p− 1) if p ∈ {19, 43, 67, 163},
(10)
2(p− 1), (p− 1)2 if p ≡ 1 (mod 3) or
(−D
p
)
= 1 for any D ∈ CM,(11)
(p− 1)2/3, 2(p − 1)2/3 if p ≡ 4, 7 (mod 9),(12)
(p2 − 1)/3, 2(p2 − 1)/3 if p ≡ 2, 5 (mod 9),(13)
where CM = {1, 2, 7, 11, 19, 43, 67, 163}.
Apart from the cases above that have been proven to appear, the only other options that might be
possible are:
(14) (p2 − 1)/3, 2(p2 − 1)/3 if p ≡ 8 (mod 9).
Proof. The theorem follows directly from the results of this section, combined with Theorems 3.2
and 3.6, and from direct calculations of lengths of orbits of fixed finite groups. 
Remark 5.9. Note that 3 would be redundant in the set CM, although there exists an elliptic
curve with CM by an order of an imaginary quadratic field of discriminant −3, as p ≡ 1 (mod 3)
immediately implies
(
−D
p
)
= −1. That is why 3 has been left out from the set CM.
Remark 5.10. If Conjecture 3.5 is true, then the cases (14) do not occur.
6. Points of prime order on elliptic curves E/Q over number fields of degree d
Lozano-Robledo [27] denotes by SQ(d) the set of primes p for which there exists a number field K
of degree ≤ d and an elliptic curve E/Q such that the p divides the order of E(K)tors. He determined
the sets SQ(d) for d ≤ 42. To more easily state his results, denote by S∗Q(d) = SQ(d) r SQ(d − 1),
then the table below shows the necessary data to recover SQ(d) for d ≤ 42:
d 1 3 5 8 9 12 21 33 other d ≤ 42
S∗Q(d) 2, 3, 5, 7 13 11 17 19 37 43 67 ∅
In this section, we obtain results about a set that will give us more information: RQ(d). Recall
from the introduction that we denote by RQ(d) the set of primes p for which there exists a number
field K of degree exactly d and an elliptic curve E/Q such that the p divides the order of E(K)tors.
Obviously, knowing RQ(d) immediately gives SQ(d), but not vice versa. We obtain our results as
more or less direct consequences of Theorem 5.8.
The first obvious observation is that for all positive integers n, d, if p ∈ RQ(d), then p ∈ RQ(nd).
Obviously, we have 2, 3, 5, 7 ∈ RQ(d) for all positive integers d.
The following corollary summarizes the results that we obtain.
Corollary 6.1. Let CM = {1, 2, 7, 11, 19, 43, 67, 163}. The following holds:
(i) 11 ∈ RQ(d) if and only if 5|d.
(ii) 13 ∈ RQ(d) if and only if 3|d or 4|d.
(iii) 17 ∈ RQ(d) if and only if 8|d.
(iv) 37 ∈ RQ(d) if and only if 12|d.
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(v) For p = 19, 43, 67, 163, it holds that p ∈ RQ(d) if and only if p−12 |d.
(vi) For p ≥ 23, p 6= 37, 43, 67, 163:
(a) If p ≡ 1 (mod 3), then it holds that p ∈ RQ(d) if and only if 2(p − 1)|d.
(b) If p ≡ 2 (mod 3) and
(
−D
p
)
= 1 for at least one of the values D ∈ CM then p ∈ RQ(d)
if and only if 2(p − 1)|d.
(c) If p ≡ 2, 5 (mod 9) and
(
−D
p
)
= −1 for all the values D ∈ CM then p ∈ RQ(d) if and
only if (p2 − 1)/3|d.
(d) Let p ≡ 8 (mod 9) and
(
−D
p
)
= −1 for all the values D ∈ CM. Then if p ∈ RQ(d), then
it follows that p
2−1
3 | d. On the other hand if p2 − 1|d, then it follows that p ∈ RQ(d).
Proof. This follows directly from Theorem 5.8 and direct computations. 
Remark 6.2. Note that the only case where we do not have one necessary and sufficient condition
for p to be in RQ(d) is (vi) (d). This is because of the possibility that GE(p) = G0(p) in that case.
If Conjecture 3.5 is true, then GE(p) = G0(p) will be impossible for all p > 13, and we will have
p ∈ RQ(d) if and only if p2 − 1|d in this case.
Of course, it is a natural question to ask what is the density of primes satisfying the assumptions
of (vi) (d). Notice that
(
−4
p
)
=
(
−1
p
)
= −1 is true if and only if p ≡ 3 (mod 4). The condition(
−2
p
)
= −1 is then equivalent to
(
2
p
)
= 1, which implies that p ≡ 7 (mod 8).
Now, by quadratic reciprocity,(−D
p
)
=
(−1
p
)(
D
p
)
= (−1) · (−1) ·
( p
D
)
=
( p
D
)
,
for all D ∈ CM − {1, 2}. For each of these D, the condition ( pD) = −1 is satisfied by half of
the residue classes modulo D. Combining, by the Chinese remainder theorem, all these conditions
together with p ≡ 7 (mod 8) and p ≡ 8 (mod 9) we obtain that the assumptions of (vi) (d) are
satisfied by 14 · 16 ·
(
1
2
)6
= 11536 of the residue classes modulo 8 · 9 · 7 · 11 · 19 · 43 · 67 · 163. As the
primes are evenly distributed in residue classes, we conclude that a set of natural density 11536 of
primes satisfies the assumptions of (vi) (d).
Remark 6.3. Let p be a prime and denote by Dp the minimal subset of the possible degrees [Q(P ) : Q]
for any point P of order p in any elliptic curve E/Q, such that [Q(P ) : Q] is divisible by some d ∈ Dp.
Then
RQ(d) = {p prime : ∃ a ∈ Dp such that a|d}.
Corollary 6.4. Let p = 2 or p > 5 be a prime. Then RQ(p) = RQ(1) = {2, 3, 5, 7}.
In this context we denote by
R∗Q(d) = RQ(d) r
⋃
d′|d
d′ 6=d
RQ(d
′)
The table below shows the data needed to recover RQ(d) for d ≤ 100:
d 1 3, 4 5 8 9 12 21 33 44 56 60 80 81 92 other d ≤ 100
R∗Q(d) 2, 3, 5, 7 13 11 17 19 37 43 67 23 29 31 41 163 47 ∅
Note that the smallest prime that satisfies the condition of Corollary 6.1 (vi)(d) is p = 3167. There-
fore, the smallest d where we do not have an unconditional determination of RQ(d) is d = 3343296.
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7. Torsion groups of elliptic curves E/Q over number fields of degree d
In this section we want to say things about the possibilities for the whole torsion group of elliptic
curves E/Q over number fields, not just about points of prime degree, as in the previous section.
We write E(K)[p∞] to denote the p-primary torsion subgroup of E(K)tors, that is, the p-Sylow
subgroup of E(K).
We will prove results about elliptic curves in prime degree fields. We first need to study the case
of degree 7 separately.
Recall from the introduction that ΦQ(d) ⊆ Φ(d) is the set of possible isomorphism classes of
groups E(K)tors, where K runs through all number fields K of degree d and E runs through all
elliptic curves defined over Q.
Proposition 7.1. ΦQ(7) = Φ(1).
Proof. Let throughout the proof E/Q be an elliptic curve and K a number field of degree 7. First
suppose that E has CM. We can see from [6, Theorem 1.4] (or [8, §4.7]) that in the CM case, no
subgroups occur in degree 7 which do not occur over Q.
Now assume E/Q is non-CM. First we show that E(K)[p∞] = E(Q)[p∞] for p 6= 7 prime. For
p ≤ 11, it follows that E(K)[p∞] = E(Q)[p∞] from Table 1 in the Appendix (note that by [36], this
list of mod p Galois images for p ≤ 11 is complete). For p ≥ 13 it follows directly from Corollary
6.1.
It remains to deal with the case p = 7. From Table 1 we see that E(Q)[7] = E(K)[7] unless GE(7)
is conjugate in GL2(F7) to 7B.1.3. We claim that if GE(7) is conjugate in GL2(F7) to 7B.1.3, then
E(Q)[p] = {O} for all p 6= 7. Indeed, such an elliptic curve would have a 7p-isogeny, and this is
possible only for p = 2 and p = 3, and for only finitely many elliptic curves, up to Q-isomorphism.
Note that if jE /∈ {0, 1728} and E′ is a quadratic twist of E, then ±GE(n) = ±GE′(n) for any
integer n ≥ 3. We explicitly check that no elliptic curve with a 14-isogeny or a 21-isogeny has GE(7)
conjugate in GL2(F7) to 7B.1.3.
It remains to prove that E(K)tors contains no points of order 49. Looking at Table 1 we observe
that a necessary condition for E(K)tors to contain a point of order 7 is that GE(7) is conjugate in
GL2(F7) to 7B.1.1 or 7B.1.3. Assume that there exists a number field K of degree 7 such that
E(K)[49] = 〈P 〉 ≃ C49. Then GE(49) satisfies:
GE(49) ≡ GE(7) (mod 7) and [GE(49) : HP ] = 7,
where HP is the image in GL2(Z/49Z) of the subgroup HP ⊆ Gal(Q(E[49])/Q) such that Q(P ) =
Q(E[49])HP .
Note that in general we do not have an explicit description of possible images GE(49), but using
Magma we can run through all subgroups of GL2(Z/49Z) that reduce to GE(7).
First assume that GE(7) is conjugate in GL2(F7) to 7B.1.3. We check using Magma that for
any subgroup G of GL2(Z/49Z) satisfying G ≡ H (mod 7) for some conjugate H of 7B.1.3 in
GL2(Z/7Z), and for any v ∈ (Z/49Z)2 of order 49, we have [G : Gv] 6= 7, where Gv is the stabilizer
of v by the action of G on (Z/49Z)2. Therefore for any point P ∈ E(Q) of order 49 we have
[GE(49) : HP ] 6= 7. In particular this proves that if GE(7) is conjugate in GL2(F7) to 7B.1.3, then
E(K)tors contains no points of order 49.
Now assume that GE(7) is conjugate in GL2(F7) to 7B.1.1. Using a similar procedure as the one
used before, we search for subgroups G of GL2(Z/49Z) satisfying G ≡ H (mod 7) for some subgroup
H conjugate to 7B.1.1 in GL2(Z/7Z), and satisfying [G : Gv ] = 7 for some v ∈ (Z/49Z)2 of order
49. There exist such groups G, but in all the cases we obtain that Gv is a normal subgroup of G and
G/Gv ≃ C7. Therefore we have deduced that if E/Q is an elliptic curve such that GE(7) is conjugate
in GL2(F7) to 7B.1.1 and there exists a number field K of degree 7 with a K-rational point of order
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49, then K is Galois. But this would imply that E has a rational 49-isogeny, and that is impossible
by Theorem 2.1.
This finishes the proof.

Theorem 7.2. Let B be a positive integer. Let E/Q be an elliptic curve and K/Q a number field
of degree d, where the smallest prime divisor of d is ≥ B. Then
(i) If B ≥ 11, then E(K)[p∞] = E(Q)[p∞] for all primes p. In particular, E(K)tors = E(Q)tors.
(ii) If B ≥ 7, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 7.
(iii) If B ≥ 5, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 5, 7, 11.
(iv) If B > 2, then E(K)[p∞] = E(Q)[p∞] for all primes p 6= 2, 3, 5, 7, 11, 13, 19, 43, 67, 163.
Proof. We will prove only the case (i) - the cases (ii), (iii) and (iv) are proved using the exact
same argumentation. Suppose first that P ∈ E(Q) is a point of order p ≤ 13. Then directly (and
obviously) from Theorem 5.6 we see that [Q(P ) : Q] has to be divisible by some element from the
set {2, 3, 5, 7}.
For p ≥ 17, by looking at the possibilities listed in Theorem 5.6 we have that [Q(P ) : Q] always
attains only obviously even values, except in the cases
[Q(P ) : Q] =
p− 1
2
and [Q(P ) : Q] =
p(p− 1)
2
,
which are possible only for p ∈ {3, 7, 11, 19, 43, 67, 163}. Since the cases p ∈ {3, 7, 11} have already
been dealt with, it remains to look at only the cases p ∈ {19, 43, 67, 163}. Since in all of these cases we
have p ≡ 1 (mod 3), it follows that p−12 will be divisible by 3. We conclude that E(K)[p] = E(Q)[p]
for all primes p if K satisfies the assumptions of the theorem. Now it follows from Proposition 4.6
that E(K)[p∞] = E(Q)[p∞]. 
We immediately obtain the following result.
Corollary 7.3. Let d be a positive integer such that the smallest prime factor of d is ≥ 11. Then
ΦQ(d) = Φ(1).
Remark 7.4. One could show, using arguments as in the proof of Proposition 4.6, that for any
p ∈ {2, 3, 5, 7}, the set
∞⋃
n=1
ΦQ(p
n)
will be infinite, containing Cpk , for all positive integers k.
So, in a sense, Corollary 7.3 is best possible.
Remark 7.5. From Corollary 7.3 and the previous remark it follows that the d such that E(K)tors =
E(Q)tors for all elliptic curves E/Q and all number fields K of degree d are exactly those such that
the smallest prime divisor of d is ≥ 11. These are d of the form d = 210k+x, where k is a nonnegative
integer and 1 ≤ x < 210 is an integer coprime to 210. Thus it follows that exactly φ(210)210 = 835 of all
integers (when ordered by size) satisfy this property.
Our methods give results not only about the torsion in finite extensions, but also in infinite
extensions of Q.
Corollary 7.6. Let p ≥ 11 be a prime and let K be the Zp-extension of Q. Then E(K)tors =
E(Q)tors.
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Proof. Let ℓ be a prime. First suppose that E(Q)[ℓ] = {O}. Then we have E(F )[ℓ] = {O} = E(Q)tors
by Theorem 7.2 for all number fields F contained in K.
Now suppose that E(Q)[ℓ] 6= {O}. Then it follows that ℓ ≤ 7, and hence p 6= ℓ. If ℓ = 2, then it
is obvious that E(Q)[2] = E(K)[2]. If 3 ≤ ℓ ≤ 7, then E(Q)[ℓ] = E(K)[ℓ], since K does not contain
ℓ-th roots of unity.
By Proposition 4.6, we now have E(Q)[ℓ∞] = E(F )[ℓ∞] for all number fields F contained in K,
from which we again conclude that E(Q)[ℓ∞] = E(K)[ℓ∞]. 
7.1. Torsion growth in degree 7 extensions. In this section we consider how the torsion grows
in prime degree extensions, in the following sense: for each possible E(Q)tors, what can E(K)tors
possibly be, for K/Q an extension of prime degree d. There is no torsion growth in degree p ≥ 11
by Theorem 7.2 and the torsion growth for p ≤ 5 has been completely described in [15] for p = 2,
in [14] for p = 3 and in [11] for p = 5. Thus it remains to consider the case p = 7. We prove the
following.
Proposition 7.7. Let E/Q be an elliptic curve and K a number field of degree 7.
(i) If E(Q)tors 6≃ C1, then E(Q)tors = E(K)tors.
(ii) If E(Q)tors ≃ C1, then E(K)tors ≃ C1 or C7. Furthermore, if E(Q)tors ≃ C1 and E(K)tors ≃
C7, then K is the unique degree 7 number field with this property and E is isomorphic to the
elliptic curve
Et : y
2 = x3 + 27(t2 − t+ 1)(t6 + 229t5 + 270t4 − 1695t3 + 1430t2 − 235t + 1)x
+54(t12 − 522t11 − 8955t10 + 37950t9 − 70998t8 + 131562t7
−253239t6 + 316290t5 − 218058t4 + 80090t3 − 14631t2 + 510t+ 1).
for some value t ∈ Q.
Proof. Let E/Q be an elliptic curve. Clark, Corn, Rice, Stankewicz [8, §4.7] have proved that if
E has CM, then E(K)tors has torsion points only of order 1, 2, 3, 4 or 6. Now from Lemma 3.1, it
follows that E(K)[n] = E(Q)[n] for n = 2, 3, 4, 6. It follows that E(K)tors = E(Q)tors.
Then we can assume that E/Q is non-CM. In the proof of Proposition 7.1 we proved that if p
is a prime and K/Q is a number field of degree 7 then E(Q)[p∞] = E(K)[p∞], unless GE(7) is
conjugate in GL2(F7) to 7B.1.3, in which case E(Q)[p] = {O} for all p 6= 7. Then suppose that
GE(7) is conjugate in GL2(F7) to 7B.1.3. Zywina [36, Theorem 1.5 (iv)] proved that, under these
assumptions, there exists a t0 ∈ Q such that E is Q-isomorphic to Et0 .
Let ψ7(x) be the 7-division polynomial of Et and ψ7(x) = f1(x)f2(x)f3(x)f4(x), its irreducible
factorization (over Q(t)), where f1(x) is of degree 3 and fi(x), for i = 2, 3, 4, are all of degree 7. For
all specializations Et0 , t0 ∈ Q, we have that GEt0 (7) is conjugate in GL2(F7) to 7B.1.3, as it cannot
be any smaller, so the 7-division polynomial of Et0 will factor over Q in the same manner as the
7-division polynomial of Et factors over Q(t). We compute that the roots of fi(x), for i = 2, 3, 4,
define the same degree 7 extensions of Q(t), up to isomorphism. We obtain that Et has torsion C7
over this extension, completing the proof. 
Remark 7.8. Let E/Q be an elliptic curve and p a prime. If the possible degrees of points of order p
are p and p− 1, then Q(E[p]) = KQ(ζp) satisfies [Q(E[p]) : Q] = p(p− 1) and there exists P ∈ E[p]
such that K = Q(P ) is a Kummer extension, i.e. there exists s ∈ Z, a non pth-power, such that
K = Q( p
√
s). This is the case when GE(p) is conjugate in GL2(Fp) to 3B.1.2, 5B.1.2 or 7B.1.3.
8. Torsion of elliptic curves E/Q over quartic number fields
In this section we solve the problem of determining the set of ΦQ(4). The sets ΦQ(2) and ΦQ(3)
have been determined by the second author [31], ΦQ(5) by the first author [11].
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Let G be a finite group; define ΦGQ(n) to be the set of isomorphism classes of groups E(K)tors,
where E is an elliptic curve defined over Q and Gal(K̂/Q) ≃ G, where K̂ denotes the normal closure
of K over Q. The first steps taken towards determining ΦQ(4) have been done by Chou [7], who
determined ΦC4Q (4) and Φ
V4
Q (4), i.e he found the possible torsion groups over Galois quartic number
fields of elliptic curves defined over Q.
The strategy used both in [7] and [31] (for determining ΦQ(3)) is to view how Gal(K̂/Q) acts
on E(K)tors and to conclude that this forces certain properties on E over Q. For certain choices of
E(K)tors, one would get properties of E over Q that would violate known results about elliptic curves
over Q, thus ruling out the possibility of that particular torsion group E(K)tors. This approach works
well when K is Galois over Q, as in [7], or "not far from Galois" in [31] where Gal(K̂/Q) was either
C3 or S3 (even in this case, S3 posed some problems). We make use of the machinery developed in
Section 4 to show obstructions for possible growth from E(Q)tors to E(K)tors when K is "far away
from being Galois" (meaning informally that [K̂ : K] is relatively large).
The results of Section 4 immediately tell us that (see Corollary 4.2)
ΦA4Q (4) = Φ(1).
In some instances in the remainder of the paper we will say that a quartic field K has Galois group
D4, A4 or S4, which will always mean that its normal closure K̂ satisfies Gal(K̂/Q) ≃ D4, A4 or
S4, respectively.
We will need to look at the case of the possible 3-torsion growth in a quartic number field with
Galois group S4 separately, as this case is a bit more delicate.
Proposition 8.1. Let E/Q be an elliptic curve and K a quartic number field with Galois group
isomorphic to S4. Then E(K)[3] = E(Q)[3].
Proof. Suppose that E(Q)[3] ( E(K)[3]. Then by Theorem 4.3, we have that S4 is isomorphic to a
quotient of a subgroup of GE(3). We deduce that GE(3) = GL2(F3), since #S4 = 24, #GL2(F3) =
48, and GL2(F3) has no subgroups isomorphic to S4. But then the number field of smallest degree
over which there exists a point P of order 3 satisfies
Gal(Q(E[3])/Q(P )) ≃
{(
1 c
0 d
)
: c ∈ F3, d ∈ F×3
}
,
so by Galois theory is a number field of degree 8 over Q. 
Remark 8.2. We should note that if GE(3) = GL2(F3), as in the proof above, then Q(E[3]) in fact
contains a Galois extension K of Q with Galois group isomorphic to S4. This will be the field
generated by all the x-coordinates of E[3]. However, it will hold that E(K)[3] = {O}.
Now we obtain the following result.
Corollary 8.3. Let p ≥ 3 be a prime, n a positive integer and K a quartic number field with Galois
group isomorphic to A4 or S4. If an elliptic curve E/Q has no points of order pn in E(Q), then it
has no points of order pn in E(K).
Proof. For n ≥ 2, the result follows from Theorem 4.5. Suppose from now on that n = 1. If
Gal(K̂/Q) ≃ S4 and p = 3 (resp. p ≥ 5) the results follows from Proposition 8.1 (resp. Theorem
4.3). If Gal(K̂/Q) ≃ A4 the result follows from Theorem 4.3 for any p ≥ 3. 
As a corollary of Proposition 4.8, we can now obtain the following results about subsets of ΦQ(4).
Corollary 8.4. ΦS4Q (4) = Φ
A4
Q (4) = Φ(1).
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Proof. Suppose K is a quartic number field with Galois group A4 or S4.
Let E/Q be an elliptic curve. Because of Corollary 4.2 and Proposition 8.1, we have E(Q)[p] =
E(K)[p], for all p ≥ 3. Due to Corollary 8.3, we have that there are no points of order pn over K,
for p ≥ 3 and n ≥ 2.
For p = 2, we note that Q(E[2]) is either Q, a quadratic field, cyclic cubic or an S3 extension of
Q and the intersection of K with any of these fields is Q, so E(Q)[2] = E(K)[2]. Furthermore, by
Proposition 4.8, if E(K)[2n] ) E(Q)[2n], for n ≥ 2, then the Galois group of K is isomorphic to a
subgroup of D4, which is a contradiction. 
Thus to determine ΦQ(4) completely (see Corollary 8.7), it remains to just determine Φ
D4
Q (4).
8.1. Determining ΦD4Q (4). In this section we determine Φ
D4
Q (4). In particular, we prove the follow-
ing theorem.
Theorem 8.5. The set ΦD4Q (4) is given by
ΦD4Q (4) = {Cn : n = 1, . . . , 10, 12, 15, 16, 20, 24} ∪ {C2 × C2m : m = 1, . . . , 6}
∪ {C3 × C3m : m = 1, 2} ∪ {C4 × C4m : m = 1, 2} .
Remark 8.6. ΦD4Q (4) = ΦQ(2) ∪ {C20 , C24} .
This will complete the determination of ΦQ(4).
Corollary 8.7. The set ΦQ(4) is given by
ΦQ(4) ={Cn : n = 1, . . . , 10, 12, 13, 15, 16, 20, 24} ∪ {C2 × C2m : m = 1, . . . , 6, 8} ∪
{C3 × C3m : m = 1, 2} ∪ {C4 × C4m : m = 1, 2} ∪ {C5 × C5} ∪ {C6 × C6} .
Remark 8.8. Corollary 8.7 implies that the list of possible pairs (E(Q)tors, E(K)tors), where K is a
quartic field, obtained by the first author and Lozano-Robledo in [13] is complete.
Throughout this section, denote by K a quartic number field whose normal closure K̂ over Q has
Galois group isomorphic to D4. We will say that such a quartic number field is dihedral quartic
number field. Denote by F the unique quadratic field contained in K. Elliptic curves will always,
unless stated otherwise, be defined over Q.
We will make use of the following lemma.
Lemma 8.9. Let p be a prime, E/F an elliptic curve over a number field F and let L/F be a finite
extension such that Gal(L̂/F ) does not contain as quotient a cyclic group of order a = [F (ζp) : F ],
where L̂ is the normal closure of L over F .
Then if E(L) has a point P of order p, it follows that E has a p-isogeny over F . Furthermore
F (P ) is Galois over F and Gal(F (P )/F ) is a cyclic group of order dividing p− 1.
Proof. Suppose E(L) contains a point P of order p. By our assumptions, L̂ does not contain Q(ζp),
since Gal(F (ζp)/F ) ≃ Ca would be a quotient of Gal(L̂/F ), contradicting our assumptions. Hence
E(L̂) ≃ Cp, and since L̂ is Galois over F , it follows that 〈P 〉 is a cyclic Galois-invariant subgroup,
and hence E has a p-isogeny φ over F such that 〈P 〉 = ker φ. Since P is in the kernel of a F -rational
isogeny, it follows that F (P ) is Galois over F of degree dividing p− 1, over F . 
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8.1.1. p-primary torsion subgroup. The first step in determining ΦD4Q (4) is to determine the possi-
bilities for E(K)[p∞] for all primes p.
Lemma 8.10. If P is a point of prime order p in E(K), then p ∈ {2, 3, 5, 7}.
Proof. First note that RQ(2) = {2, 3, 5, 7}, therefore the primes in the above set appear as orders of
points over dihedral quartic number fields. By Corollary 6.1, we have RQ(4) = {2, 3, 5, 7, 13}
We claim that there are no points of order 13 over dihedral quartic number fields. Suppose the
opposite; let P ∈ E(K) be a point of order 13. By Lemma 8.9, Q(P ) is Galois over Q, and hence
Q(P ) = Q or Q(P ) = F . But that is in contradiction with the fact that RQ(2) = {2, 3, 5, 7}. 
Lemma 8.11. The order of E(K)[p∞] divides 16, 9, 5, 7, for p = 2, 3, 5, 7 respectively. In particular
all the possible orders occur.
Proof. Let n be a positive integer such that np ≤ 4, 2, 1, 1, if p = 2, 3, 5, 7 respectively, then Cpnp ∈
Φ(1) ⊆ ΦD4Q (4).
We split the proof depending on the prime p:
• p = 2: The possible torsion subgroups of elliptic curve with CM defined over a quartic number
field have been determined in [8]. In particular, it is proven that the order of the 2-primary torsion
subgroup divides 16. Therefore we can assume E is non–CM. The minimal degree of definition of any
2-subgroup of E(Q) has been determined in [12, Theorem 1.4] in the non–CM case. In particular, for
degree 4 we have (see Table 1 in [12]) that if E/Q is a non-CM elliptic curve and K/Q is a quartic
number field then
E(K)[2∞] ∈ {C1 , C2 , C4 , C8 , C16 , C2 × C2 , C2 × C4 , C2 × C8 , C2 × C16 , C4 × C4 , C4 × C8 }.
We will prove that the groups C2×C16 and C4×C8 do not occur over dihedral quartic number fields.
Rouse and Zureick-Brown [32] have classified all the possible 2-adic images of ρE,2∞ : Gal(Q/Q)→
GL2(Z2), and have given explicitly all the 1208 possibilities. The first author and Lozano-Robledo
[13] have determined for each possible image the degree of the field of definition of any 2-subgroup.
From the file 2primary_Ss.txt (this file can be found at the research website of the first author)
one can read out if a given 2-subgroup is defined over a number field of given degree d. In particular,
the 2-adic images up to conjugation (following the notation of [32]) for the case d = 4 and the given
2-subgroups are:
• C2 × C16: X193j, X193l, X193n, X213i, X213k, X215c, X215d, X235f, X235l, X235m,
• C4 × C8: X183d, X183g, X183i, X187d, X187h, X187j, X187k, X189b, X189d, X189e,
X193g, X193i, X193n, X194g, X194h, X194k, X194l, X195h, X195j, X195l.
For each of these images, we determine the Galois group of the quartic number field over Q corre-
sponding to each of the above 2-adic images (i.e. the possible Galois groups are the normal cores of
index 4 stabilizers of the appropriate element in (Z/2nZ)2). We obtain that all the quartic number
fields are Galois over Q. This finishes the proof for the 2-primary torsion.
• p = 3: We have C3 × C3 ∈ ΦQ(2), therefore it occurs as the torsion subgroup of elliptic curves
over dihedral quartic number fields. By [13, Theorem 7 (11)] we have that C3×C9 is not a subgroup
of E(K). Thus, to finish determining the possible 3-primary torsion it is enough to prove that there
is no 27-torsion over a dihedral quartic number field K. Suppose the opposite, i.e C27 is a subgroup
of E(K). Since F is a subfield of K and [K : F ] = 2, there exists a δ ∈ F such that K = F (√δ).
Then we have
E(K)[27] ≃ E(F )[27] ⊕ Eδ(F )[27].
Therefore E(F )[27] or Eδ(F )[27] contains C27. But this is not possible since C27 is not a subgroup
of any group in Φ(2).
GROWTH OF TORSION GROUPS OF ELLIPTIC CURVES 21
• p = 5: It is not possible to have the full 5-torsion over a dihedral quartic number field K, since
otherwise Q(ζ5) = K, and this is impossible since Q(ζ5) is cyclic. We observe that C25 is not possible
over dihedral quartic number fields by using the same argument as in the C27 case.
• p = 7: It is impossible that E[7] ⊆ E(K) since K 6⊇ Q(ζ7). To prove that there is no 49-torsion,
we again use the same argument as in the C27 case.

8.1.2. Combinations of p-primary torsion. In the previous section we have determined the p-primary
torsion of an elliptic curve E/Q over a dihedral quartic number field. In this section we study the
possible combinations of p-power torsion and q-power torsion, for primes p 6= q. First we prove that
if E(K) has a point of order 7, then E(K)[p] = {O} for all primes p 6= 7.
Lemma 8.12. If 7 divides the order of E(K)tors, then E(K)tors ≃ C7.
Proof. Suppose E(K)tors has a point of order 7. Let p be a prime, p 6= 7 such that p divides the
order of E(K)tors. By Lemma 8.10 we have that p ∈ {2, 3, 5}. The case p = 2 is not possible, since
there cannot be any 14-torsion over a quartic number field (the proof of [7, Proposition 3.9] can be
slightly modified to prove it). The case p = 3 is also not possible, since there cannot exist points of
order 21 over a quartic number field (see [13, Theorem 7 (iv)]). Finally, suppose p = 5. Then we
have E(K̂)[35] ≃ C35, because K̂ does not contain Q(ζ5) or Q(ζ7), as C4 and C6 are not quotients of
D4. This implies that E has a 35-isogeny over Q which is not possible by Theorem 2.1.
Now, by Lemma 8.11, we deduce that E(K)tors ≃ C7. 
Lemma 8.13. If 15 divides the order of E(K)tors, then E(F )tors ≃ C15.
Proof. We have that C15 ∈ ΦQ(2), therefore the case E(K)tors ≃ C15 is possible. Now, let P ∈
E(K)tors be a point of order 15. Theorem 8 [13] shows that Q(P ) is an abelian extension. Thus,
since K is a dihedral quartic number field, we have that Q(P ) = F , where F is the unique quadratic
subfield of K.
If there existed a point R of order 30 in E(K)tors, then 2R would be a point of order 15 and
Q(2R) = F as above. The point R is not defined over F , as C15 /∈ ΦQ(2). But then [Q(R) :
Q(2R)] = 3, which is a contradiction. We conclude that E(K)tors cannot contain a point of order
30.
Now by Lemma 8.11 we have that the 3-primary torsion is isomorphic to one of the groups: C3, C9,
C3 × C3. To finish the proof we prove that 9 does not divide the order of E(K)tors. If the 3-primary
torsion is isomorphic to C9, we have that any point of order 9 is defined over a proper subfield of
K (see Theorem 7 (10) from [13]). By the previous argument we deduce that E has a point of
order 45 over the quadratic field F , which is not possible. Finally, let us suppose that the C15 × C3
is a subgroup of E(K)tors. Then the quadratic subfield of K is Q(
√−3), and we claim that both
the subgroups isomorphic to C5 and to C3 × C3 have to be defined over Q(
√−3), which is clearly
impossible. For the subgroup C5, this follows from Lemma 8.9, while for C3 × C3 it follows from the
fact that Q(E[3]) is Galois over Q.

We will later make use of the following lemma.
Lemma 8.14. Let k be any field, E/k an elliptic curve and suppose E(k) contains a subgroup
isomorphic to C4n. Then E is 2-isogenous over k to an elliptic curve E′ such that E′(k) contains a
subgroup isomorphic to C2 × C2n.
Proof. Let A be the subgroup of E(k) isomorphic to C4n, let B its order 2 subgroup and let C be
its order 4 subgroup. We now see that E is 2-isogenous to E′ = E/B and E′ is also 2-isogenous to
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E′′ = E/C. Thus E′ has 2 independent 2-isogenies, and hence full 2-torsion over k. Let φ : E → E′
be the 2-isogeny obtained by quotienting out by B. Then it follows that φ(A) ≃ C2n ⊆ E′(k), proving
the lemma. 
Lemma 8.15. If 10 divides the order of E(K)tors, then E(K)tors is isomorphic to either to C10, C20
or to C2 × C10.
Proof. By Lemma 8.11 we need to prove that E(K)tors cannot contain C2 × C20 or C40. But by
Lemma 8.14, it is enough to prove that C2 × C20 is impossible.
Suppose then that E(K)tors ⊇ C2×C20. By Lemma 8.9, we have that E has a 5-isogeny over Q and
that Q(P ) is Galois over Q. Thus it follows that Q(P ) = F or Q(P ) = Q. If Q(P ) = F = Q(
√
d),
then we have E(F )[5] = E(Q)[5] ⊕ Ed(Q)[5]. Then either E(Q)[5] ≃ C5 or Ed(Q)[5] ≃ C5. In the
latter case we can study Ed instead of E; thus it follows that we can take without loss of generality
that Q(P ) = Q.
We conclude that E(Q)tors ≃ C10. Let Q ∈ E(Q) be a point of order 10. The torsion of E will
grow from C10 in Q to C2 × C20, if and only if a solution R of the equation 2R = Q satisfies that
Q(R) contains the quadratic field Q(
√
∆E) = Q(E[2]) as a subfield. The universal elliptic curve over
X1(10) (which can be thought of as the parametric family of elliptic curves with C10 torsion) is (see
[25]):
Et : y
2 + (t3 − 2t2 − 4t+ 4)xy + (t− 1)(t− 2)(t2 − 6t+ 4)t3y = x3 − (t− 1)(t− 2)t3x2,
where we can take Q = (0, 0) ∈ Et[10]. Note that the four solutions of 2R = Q are defined over at
most 2 number fields, but they will be conjugate to each other, and hence the following argumentation
does not depend on the choice of R. The condition that Q(
√
∆E) is contained in Q(R) is, after some
calculation, equivalent to the hyperelliptic curve
C : y2 = x(x− 1)(x− 2)(x2 − x− 1)(x2 − 6x+ 4)
having a solution such that y 6= 0. To find all the rational points on C, we note that Aut(C) ≃ D4
and for a non-hyperelliptic involution σ ∈ Aut(C) we obtain that the quotient curve X = C/〈σ〉 is
of genus 1, where X is defined by the following equation
X : y2 = x3 − 7x− 6.
We have X(Q) = {O, (−1, 0), (−2, 0), (3, 0)} ≃ C2×C2 and the map φ : C → X sends the Weierstrass
points of C to the 2-torsion points of X. We obtain that the 4 rational Weierstrass points on C,
{∞, (0, 0), (1, 0), (2, 0)} map to {O, (−1, 0)}; the preimages of the 2 remaining points in X(Q) are
the 4 quadratic Weierstrass points of C. This proves that
C(Q) = {∞, (0, 0), (1, 0), (2, 0)} .
We have proved that E(K) cannot contain C2 × C20, proving the lemma. 
Lemma 8.16. If 6 divides the order of E(K)tors, then E(K)tors is isomorphic to either C6, C12, C24,
C2 × C6, C2 × C12 or C3 × C6.
Proof. By [13, Theorem 7 (11)], we see that E(K)tors cannot contain C18.
We can see that E(K)tors does not contain C6×C6, as Q(E[6]) is a Galois extension of Q, hence it
would have to be either Q or F . But it is impossible to have full 6-torsion over Q or over a quadratic
field.
By [1, Theorem 8], we see that C3 × C12 and C4 × C12 cannot be contained in E(K)tors.
We claim that E(K)tors ⊇ C2×C24 is impossible. By a search of the database of 2-adic images [32],
we obtain that the 2-power torsion of E cannot grow from C2 over Q to C2 × C8 in a D4 extension.
It follows that E(Q)[2∞] ⊇ C2 × C2 or E(Q)[2∞] ⊇ C4.
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Now we split the proof in two cases: either GE(3) is conjugate to 3Ns or not.
We will show that if E(Q)[2∞] ⊇ C2 × C2 or E(Q)[2∞] ⊇ C4, then GE(3) is not conjugate to 3Ns.
By [36, Theorem 1.1], E(Q)[2∞] ⊇ C2 × C2 if and only if
j(E) = 256
(t2 + t+ 1)3
t2(t+ 1)2
for some t ∈ Qr {0,−1}.
On the other hand, if GE(3) is conjugate in GL2(F3) to 3Ns, then by [36, Theorem 1.2], we have
j(E) = s3 for some s ∈ Q.
Hence we obtain the equation
C : s3 = 256
(t2 + t+ 1)3
t2(t+ 1)2
,
which cuts out a singular genus 1 curve, which is birationally equivalent to
X1 : y
2 = x3 + 1,
which has rank 0 and 6 rational points. We obtain that the only (affine)rational points on X1 satisfy
s = 12, implying j(E) = 1728. But by [8, §4.4], elliptic curves with CM cannot have C2×C24 torsion
over quartic number fields.
If E(Q)[2∞] ⊇ C4, then E has a 4-isogeny over Q, from which it follows that [27, Table 3]
j(E) =
(h2 + 16h+ 16)3
h(h+ 16)
for some h ∈ Qr {0,−16}.
Thus, h(h + 16) needs to be a cube, giving an equation of an elliptic curve
X2 : h
2 + 16h = v3.
The elliptic curve X2 has rank 0 over Q and its torsion points (with the assumption h 6= 0,−16)
give j(E) = 1728 and 287496, both of which are CM values. Again, by [8, §4.4], we note that
elliptic curves with CM cannot have C2×C24 torsion over quartic number fields, which rules out this
possibility.
Thus, we have proved GE(3) is not conjugate to 3Ns. We claim that then E(F )[3] 6= {O}. To see
this, in Table 1, we see that the only possibility of Q(P ) being equal to K (which is equivalent to
dv = 4 for some v) is that GE(3) is conjugate to 3Cs. But if GE(3) is 3Cs and [Q(P ) : Q] = 4 for a
point P of order 3, then it would follow, since Q(P ) ⊆ Q(E[3]) and both Q(E[3]) and Q(P ) are of
degree 4, that Q(E[3]) = Q(P ) = K. But Q(E[3]) is Galois over Q and K is not. We conclude that
E(F )[3] 6= {O}.
We now claim that if E(Q)[2∞] ⊇ C2 × C2, then E(K) ⊇ C2 × C24 is impossible. Since E(F )[3] =
E(Q)[3] ⊕ Ed(Q)[3], where F = Q(√d), so either E or Ed has a 3-torsion point; we choose without
loss of generality E to be the twist with 3-torsion. Since quadratic twisting does not change the
2-torsion, we have that E(Q) ⊇ C2 × C6. By a search of the database of 2-adic images [32], we find
that there exist 2-adic representations such that 2-power torsion of E grows from C2 × C2 over Q to
C2 × C8 over F or/and over K. In the former case we obtain C2 × C24 ⊆ E(F ), which is impossible
over quadratic fields. In the last case, C2 × C8 ⊂ E(K)[2∞], we obtain that the field L = Q(E[4])
is a quartic number field. But together with our assumption that E(Q)[3] 6= 0, we have that E(L)
contains a subgroup isomorphic to C4 × C12, which is in contradiction with [1, Theorem 7].
It remains to prove that if E(Q)[2∞] ⊇ C4 then E(K) cannot contain C2 × C24. By a search of
the database of 2-adic images [32], we find that if E(Q)[2∞] ⊇ C4 and E(K)[2∞] ⊇ C2 × C8, then
it is necessary that already E(F )[2∞] ⊇ C2 × C8. But this implies that E(F ) ⊇ C2 × C24, which is
impossible over quadratic number fields.
Thus we have proved that C2 × C24 torsion is impossible over K.
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As C2 × C24 torsion is impossible over K, it follows by Lemma 8.14 that C48 is impossible.

Proof of Theorem 8.5. Finally, to prove Theorem 8.5, we note that all the groups that are in ΦQ(2)
are also in ΦD4Q (4) and by [18], there exists infinitely many elliptic curves with C20 and C24 torsion
over dihedral quartic number fields. Therefore ΦQ(2) ∪ {C20 , C24} ⊆ ΦD4Q (4). The equality holds by
Lemmas 8.11-8.16. 
Proof of Corollary 8.7. Let K a quartic number field, then the group Gal(K̂/Q) is isomorphic to S4,
A4, D4, V4 or C4. Therefore
ΦQ(4) = Φ
S4
Q (4) ∪ ΦA4Q (4) ∪ ΦD4Q (4) ∪ ΦV4Q (4) ∪ ΦC4Q (4).
The cases ΦV4Q (4) and Φ
C4
Q (4) have been determined by Chou [7]. The remaining cases are dealt with
in Corollary 8.4 and Theorem 8.7. 
Acknowledgements: We thank Abbey Bourdon for suggesting Remark 7.5, Pete Clark for pointing
out a mistake in a previous version of the paper and Maarten Derickx for pointing out the example
in Remark 4.7.
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Appendix: Images of Mod p Galois representations associated to elliptic curves
over Q
For each possible known subgroup GE(p) ( GL2(Fp) where E/Q is a non-CM elliptic curve and p
is a prime, Tables 1 and 2 list in the first and second column the corresponding labels in Sutherland
and Zywina notations, and the following data:
• dv = [GE(p) : GE(p)v] = |GE(p).v| for v ∈ F2p, v 6= (0, 0); equivalently, the degrees of the
extensions Q(P ) over Q for points P ∈ E(Q) of order p.
• d = |GE(p)|; equivalently, the degree Q(E[p]) over Q.
Note that Tables 1 and 2 are partially extracted from Table 3 of [35]. The difference is that [35,
Table 3] only lists the minimum of dv, which is denoted by d1 therein. The computations needed to
obtain these Tables were performed in Magma.
Sutherland Zywina dv d
2Cs G1 1 1
2B G2 1 , 2 2
2Cn G3 3 3
3Cs.1.1 H1,1 1 , 2 2
3Cs G1 2 , 4 4
3B.1.1 H3,1 1 , 6 6
3B.1.2 H3,2 2 , 3 6
3Ns G2 4 8
3B G3 2 , 6 12
3Nn G4 8 16
5Cs.1.1 H1,1 1 , 4 4
5Cs.1.3 H1,2 2 , 4 4
5Cs.4.1 G1 2 , 4 , 8 8
5Ns.2.1 G3 8 , 16 16
5Cs G2 4 , 4 16
5B.1.1 H6,1 1 , 20 20
5B.1.2 H5,1 4 , 5 20
5B.1.4 H6,2 2 , 20 20
5B.1.3 H5,2 4 , 10 20
5Ns G4 8 , 16 32
5B.4.1 G6 2 , 20 40
5B.4.2 G5 4 , 10 40
5Nn G7 24 48
5B G8 4 , 20 80
5S4 G9 24 96
Sutherland Zywina dv d
7Ns.2.1 H1,1 6 , 9 , 18 18
7Ns.3.1 G1 12 , 18 36
7B.1.1 H3,1 1 , 42 42
7B.1.3 H4,1 6 , 7 42
7B.1.2 H5,2 3 , 42 42
7B.1.5 H5,1 6 , 21 42
7B.1.6 H3,2 2 , 21 42
7B.1.4 H4,2 3 , 14 42
7Ns G2 12 , 36 72
7B.6.1 G3 2 , 42 84
7B.6.3 G4 6 , 14 84
7B.6.2 G5 6 , 42 84
7Nn G6 48 96
7B.2.1 H7,2 3 , 42 126
7B.2.3 H7,1 6 , 21 126
7B G7 6 , 42 252
11B.1.4 H1,1 5 , 110 110
11B.1.5 H2,1 5 , 110 110
11B.1.6 H2,2 10 , 55 110
11B.1.7 H1,2 10 , 55 110
11B.10.4 G1 10 , 110 220
11B.10.5 G2 10 , 110 220
11Nn G3 120 240
Table 1. Possible images GE(p) 6= GL2(Fp), for p ≤ 11, for non-CM elliptic curves E/Q.
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Sutherland Zywina dv d
13S4 G7 72 , 96 288
13B.3.1 H5,1 3 , 156 468
13B.3.2 H4,1 12 , 39 468
13B.3.4 H5,2 6 , 156 468
13B.3.7 H4,2 12 , 78 468
13B.5.1 G2 4 , 156 624
13B.5.2 G1 12 , 52 624
13B.5.4 G3 12 , 156 624
13B.4.1 G5 6 , 156 936
13B.4.2 G4 12 , 78 936
13B G6 12 , 156 1872
Sutherland Zywina dv d
17B.4.2 G1 8 , 272 1088
17B.4.6 G2 16 , 136 1088
37B.8.1 G1 12 , 1332 15984
37B.8.2 G2 36 , 444 15984
Table 2. Known images GE(p) 6= GL2(Fp), for p = 13, 17 or 37, for non-CM elliptic
curves E/Q.
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